ABSTRACT
Introduction
When dealing with queuing systems, the measures that are often of interest are mean queue length, L, and mean workload (remaining waiting time), W. The L and W measures are associated with customers that wait for service in a queue; however, its reduction is important for both the customers and the system manager. The meaning and the value of the L and W measures are different when the queue is observed from the viewpoint of either the customers, or the manager. The difference is in the fact that the scenarios at which the queue is empty, are not observable by the customers, and are not accounted for by the customer-oriented measures. The manager-oriented measures account for the entire set of scenarios. The manager has to be concerned not only about his/her measures, but also about the customer measures, since it is the customer measures that yield actual feedback to the manager decision support system.
With that in mind, we define the workload and the queue length stochastic processes as follows, t -is the workload, i.e., the remaining waiting time, observed by the last customer in the system at t. W t L -is the number of customers in the system at t, observed by the last customer in the system. ˆt W -is the workload, i.e., the remaining waiting time of customers at t.
ˆt L -is the number of customers in the system at t. The and processes are defined in terms of the entire system, rather than correspond to a specific customer within the system. If, for example, no customer is in the system at t, then and . Both t and t are customer-oriented; they are not defined if no customer is in the system at t. In the next section, we will define the above stochastic processes more precisely. In the next section we also show that the formula
(  is the arrival rate of the customers in a GI/M/1 queue) stated in our terms is similar to the Little's law (Little [1] ). The relations between the expected waiting time and the expected queue length were commented on and analyzed in the works of Eilon [2] [5] . Other papers, such as Brumelle [6] , Brumelle [7] , and Heyman and Stidham [8] showed that similar relations exist between more general measures: customer-averages, H, and time-averages, G, which is represented by the formula H G   . Other extensions include the distributional version of the Little's law due to Haji and Newell [9] and Keilson and Servi [5] Since real-life queuing systems operate in a dynamic environment characterized by different initial conditions, limited space for waiting customers, and unstable arrival rate, the steady state of the queue might be attained only after a long time, or even cannot be reached at all. Therefore, some works stress the importance of transient analysis of queuing models. The papers of Bertsimas and Mourtzinou [13] and Riaño et al. [14] formulate the transient Little's law in an integral form by relating the expected number of customers in the system at t, to the waiting time of customers joining the system in the interval (0, t]. Diverse applications of the transient analysis additionally motivate the research in this field. In the work of Zhang [15] transient behavior of time-dependent M/M/1 queues was studied. This work numerically calculated transient probability distributions of L and W from a set of integral equations. The paper by Perry et al. [16] studied the dynamics of workload in the M/G/1 queue and presented various results on its distribution. The paper by Garcia et al.
[17] derived a closed-form solution for the time-dependent probability distribution of the number of customers of the M/D/1/N queues initialized in an arbitrary deterministic state. That paper gives a number of examples where transient oscillating, rather than steady state, of the expected number of customers, is the major phenomenon of queue dynamics.
In this work we deal with the G/M/1/N queue, i.e., with a capacitated, single server queue governed by the FCFS discipline for the entering customers, by arbitrary (nonstationary) rate of arrivals, and by exponentially distributed service time. We develop dynamic, transient time relations between the means ,
, as well as between the variances. The practical and theoretical significance of G/M/1/N and many specific results on such queue can be found in Cohen [18] , Asmussen [19] , and Adan et al. [20] . We extend those results by considering customer-oriented and observer-oriented measures of the queue and by studying their dynamics. Section 2 presents the mathematical analysis of the queue dynamics. Section 3 considers several special cases, providing insight into the general properties. Section 4 concludes the paper.
Mathematical Analysis
A scenario of the G/M/1/N queue is described by 0 , , the arrival times of the customers present in the system at t = 0 are In a scenario in which t , let be the index of the last customer in the system, and be the index of the customer in service. Then,
Following the above notation and definitions, we prove the following lemma, which will be used later in proving the main results of this section.
Lemma 1: The departure time of the last customer is:
For an arbitrary j, the total time before the j-th departure includes the service times of the first j customers and the total idle time of the system up to
For , the system is not idle within
t a a  . Therefore, the second term of (6) 
Proof: By combining (3-5), we obtain,
From (6) it follows that the second term in (8) is
Since the service times, i s ˆt L , are mutually independent, and independent of , the first term in (9) is,
The second term in (9) is the expected remaining service time of the customer in service; it is equal to 1  . This completes the proof of the theorem.
The proven relationship agrees with the intuition of a customer who relates the expected remaining waiting time to the number of customers in the system and to the service rate.
Theorem 2 below derives the relationship between the variances of workload and queue length. In the theorem denotes the probability of observing an empty system at t, i.e., .
The workload variance is given as,
From (9) 
In order to substitute with t in (12), we take the expectation of both sides in (2) and obtain,
Similarly,
Now, by substituting (13, 14) into (12), we have
From Theorem 1, the second term in (11) is,
By substituting (15, 16) into (11), we obtain the theorem.
Theorem 2 shows that the variance of workload is affected by the first two moments of queue length. The next two theorems prove the transient relations between the customer-and observer-oriented measures. They also further strengthen the analysis of the transient behavior of the measures.
Theorem 3. For 0   and all t when <1,
Proof: The proof follows immediately from (7) and (13) . Note that if , the left-hand side of (17) 
that follows from (4), determine the relationships of the expected queue length and expected workload between the two viewpoints.
For GI/M/1 if and converge when , and converges to
, then (17) takes a form similar to Little's law,
In the other cases, i.e., either in a transient state, or when one of the variables in (17) does not converge at all, expression (17) generalizes (18) .
Theorem 4. For 0   and all t when <1,
Proof: When calculating the variance of teˆ in t L rms of the first two moments of t W , we make use of Theorems 1-3, as follows, 
Proof: From (13) and (14) we have 
Now, the theorem immediately follows.
3.
ustrates the results obtained in the and highlights the differences in the , w t = 0 and . 
Examples
The transient Little's law (17) for this queue takes the following form,
The expected queue length is found from (23),
Now, the expected customer-ori found by substituting (25) into (24), ented workload is
and supports the i death process.
Similarly, the customer-oriented workload variance is calculated from (10) The next experiment illustrates queue behavior when the arrival rate is higher than the service rate, 1.9, 1.3 , while the cust ers obser converg
Since the probability of observing an empty queue is always o zero, both the manager and customers measures almost coincide. Therefore, kes the u impractical in this case. Figure 7 plots 
Conclusions
Transient time relationships between customer-and manager-oriented measures of the FCFS G/M/1/N queue are derived and discussed. In particular, expression (17), which links the expected queue length as viewed by the manager to the customers' waiting time, generalizes Little's law for the considered queue. The relationships allow the first two moments of the expected remaining waiting time of the last customer lated is kn or by simulation. We have shown that the customer-and manager-oriented measures can significantly differ both qualitatively and quantitatively. The numerical study conducted in the paper stresses cases when the queue measures converge only in the long run, or do not converge at all. Further research is required in order to generalize the results of the paper to general queuing systems. 
